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Abstract

A mathematical investigation of quantizing systems us-
ing non-subtractive dither is presented. It is shown that
with a suitably-chosen dither probability density func-
tion (pdf), certain moments of the total error can be
made signal-independent and the error signal rendered
white, but that statistical independence of the error and
the input signal is not achievable. Some of these re-
sults are known but appear to be unpublished. The ear-
liest references to many of these results are contained
in manuscripts by one of the authors [JNW!] but they
were later discovered independently by Stockham and
Brinton?:3, Lipshitz and Vanderkooy*, and Gray®. In
view of many widespread misunderstandings regarding
non-subtractive dither, it seems that formal presentation
of these results is long overdue.

1 Introduction

Consider a typical mid-tread quantizer with a transfer
characteristic of the form

fa=al3+3l. W

where the floor operator, | |, returns the greatest inte-
ger less than or equal to its argument, and A represents
one least significant bit (LSB) of the quantized output.
Such an inherently non-linear operation always intro-
duces a strongly input-dependent error into the signal
unless preventive measures are taken. This error can
represent significant signal modification for low-level or
simple (e.g., sinusoidal) input signals, and will manifest
itself as signal-dependent harmonic and intermodulation
distortion in the output power spectrum.

One way to control the characteristics of the error is
through the use of dither, a statistically independent
random signal added to the input prior to quantization.
A subtractive dithering scheme® exists which allows the
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Figure 1: Schematic of a non-subtractively
dithered quantizer.

error to be rendered statistically independent of the in-
put signal. Unfortunately, such a scheme is impractical
in many applications, since the dither signal must be
available at both ends of the channel, requiring either
its transmission or the existence of synchronized dither
generators. A more frequently used scheme employs a
non-subtractive dither signal, as shown in Fig. 1. We
proceed to analyze in detail the properties of this archi-
tecture.

2 First-Order Statistics

The dependence of the total error, ¢, on the input, z, is
described by the conditional pdf, p,|-(¢|z), which rep-
resents the probability of a particular error, ¢, given a
specified input value, z. In order to derive an expres-
sion for this pdf, we note that the total input to the
quantizer, w = z + v, has a conditional pdf
Pujs(wlz) = p(w —2), 2)
where p, (v) is the pdf of the dither signal. Furthermore,
if w lies between —A/2 + kA and A/2 + kA, then the
total error is € = —z + kA, so that
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This reduces to
[+0]
Pejz(€]z) = [ALla(e) * pu (€)) Z b(e+z—kA),

k=-o00
4)
where the “¥” denotes convolution and where I, the
rectangular window function of width T, is defined by
1 r r
=y 1T "3<zTS3,
IIr(z) = { 0 , otherwise . (5)

It is clear from Eq. 4 that the error cannot be made
statistically independent of the input, since the func-
tional dependence of the conditional pdf upon z cannot



be eliminated by any choice of dither pdf. We will now
show, however, that certain statistical moments of the
error can be rendered independent of the input.

The m-th conditional moment of the error signal given
z is defined as the expectation value of €™ for a specified
z:

E[e™a] = /_ €™ pejolelc) de (6)
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where P,|;(u,, z) is the characteristic function of €|z, the
Fourier transform of its pdf. In the ensuing discussion,
we adopt the following definition of the Fourier trans-
form operator, F[] :

#ifw = [ T e iean . (9)

Taking the two-dimensional Fourier transform (with
respect to both € and z) of Eq. 4 and substituting into
Eq. 7 yields the Fourier transform of Efe™|2] :

FlEE™ |2])(uz)
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where in(rAu,)
sin(rAug
Gy(uz) = _TA_’(-[-:— . P,,(u,). (10)

in which P,(u;) is the characteristic function of the
dither. If E[e™|z] is to be independent of = we require
that Eq. 9 reduce to a constant times a single delta func-
tion at the origin. This demands that

d™G,
(uz)

dul =0
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Jfor k= +1,£2,...
(11)

in which case
Bl =£m = (£) T2 ()

independent of z. A dither pdf satisfying this condition
for m = 1, so that the mean errar is input-independent
(and zero), is a rectangular pdf of the form

p,,(l/) = HA(V) . (13)

A triangular-pdf dither resulting from the summation of
two independent rectangular-pdf processes has the form
p() = Ma()*Ia(r)  (14)
and satisfies the conditions for m = 1 and m = 2, so
that both the mean and variance of the error are input-
independent. In general, a dither generated from the
summation of N independent rectangular-pdf processes
satisfies the condition of Eq. 11 for m < N.

Furthermore, it is not difficult to show that if E[e™|z]
is not a function of z, then

E[e™z"] - E[e™]|E[z"] =0 (15)
for any choice of n. Hence a single rectangular-pdf dither
is sufficient to render € and z uncorrelated in the usual

mathematical sense, while triangular-pdf dither also ren-
ders €? uncorrelated with z.
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3 Second-Order Statistics

We have explored the effects of non-subtractive dither
upon the relationship between the error and the input
signal, but the spectral character of the error has not yet
been investigated. In order to do so we must consider
the joint statistics of two error values, €1 and €3, sepa-
rated by a time interval t; — t; # 0. Using a derivation
analogous to the one used in the first-order case above,
it can be shown that the joint moments of the two error

values are given by
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in which P, ,,(u1,u3) is the joint characteristic func-
4ton of the dither values at times ¢;~and t,. *If v; and
vy are statistically independent so that G, ,,(v1,v2) =
Gu,(u41)G,,(u2), and if the dither statistics obey Eq. 11,
then
ImO"Gy, v,
OuT* Gul
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(u1, u2) . L= 0
uy=—73 ug=-3

for ki, kp = +1,£2,...  (18)

EleT'ez] = Ele7]Ele3] - (19)

In particular, simple rectangular-pdf dither with its sam-
ples statistically independent of one another ensures that

E[Elsz] - E[El]E[E2] =0 y (20)

so that the error samples are uncorrelated with one an-
other and, hence, the power spectrum of the error is
white.

We saw in Section 2 that triangular-pdf dither pro-
vides the further guarantee that this noise will have a
constant variance (of E[e?] = A%/4, from Eq. 12), re-
gardless of the input signal. In an audio signal such an
error is perceived as a steady white noise with no audi-
ble relationship to the input’. snd it seems unnecessary
to render any higher moments input-independent. For
video applications, however, there is some evidence® that
the third moment (m = 3) should also be made signal-
independent.

so that
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